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Abstract. Measurement of eigenfrequency using a dynamically directed vibroexciter is 
investigated. Lyapunov indicators are calculated for various values of parameters of the system. 
It is shown that when the frequency of excitation coincides with the eigenfrequency there is a 
positive Lyapunov indicator. Thus chaotic motion takes place and causes uncertainty in the 
measurement of eigenfrequency. 
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1. Introduction 
Measurement of eigenfrequency using a dynamically directed vibroexciter is investigated. 
Lyapunov indicators are calculated for various values of parameters of the system. Calculation of 
Lyapunov indicators is based on the material presented in [1, 2]. 
It is shown that when the frequency of excitation coincides with the eigenfrequency there is a 
positive Lyapunov indicator. Thus chaotic motion takes place and causes uncertainty in the 
measurement of eigenfrequency. Related problems of chaotic motion are investigated in [3-5]. 
2. Model of the system 
The system is described by the following equation: 
ሾܯሿ൛ߜሷൟ + ሾܥሿ൛ߜሶൟ + ሾܭሿሼߜሽ = ሼܨሽ, (1)
where the upper dot denotes differentiation with respect to time and: 
ሾܯሿ = ൤ 1 + ߤ ߤݖcosߙߤݖcosߙ ߤݖଶ ൨, (2)
ሾܥሿ = ൤ℎ௬ 2ߤݖሶcosߙ − ߤݖߙሶ sinߙ0 ℎఈ + 2ߤݖݖሶ ൨, (3)
ሾܭሿ = ൤݌௬ଶ 00 0൨, (4)
ሼܨሽ = ൜ −ߤݖሷsinߙ−ߤݖ݃cosߙൠ, (5)
ݖ = ܣcos߱ݐ, (6)
ሼߜሽ = ቄݕߙቅ, (7)
where ݕ  and ߙ  are the generalized coordinates, ܣ  is the amplitude of excitation, ߱  is the 
frequency of excitation, ߤ is the inertial parameter of the system, ℎ௬  and ℎఈ  are the damping 
parameters of the system, ݌௬  is the stiffness parameter of the system, g is the acceleration of 
gravity, ݐ is time. 
The following initial conditions are assumed: 
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ሼߜሺ0ሻሽ = ቊ
0ߨ
4
ቋ, (8)
൛ߜሶሺ0ሻൟ = ቄ00ቅ. (9)
3. Procedure of calculation of Lyapunov indicators 
The linearized system is described by the following equation: 
ሾܯഥሿ ቄߜ̅ሷቅ + ሾ̅ܥሿ ቄߜ̅ሶቅ + ሾܭഥሿ൛ߜ̅ൟ = ሼܨതሽ, (10)
where: 
ሾܯഥሿ = ൤ 1 + ߤ ߤݖcosߙߤݖcosߙ ߤݖଶ ൨, (11)
ሾ̅ܥሿ = ൤ℎ௬ 2ߤݖሶcosߙ − 2ߤݖߙሶ sinߙ0 ℎఈ + 2ߤݖݖሶ ൨, (12)
ሾܭഥሿ = ൤݌௬
ଶ −ߤݖߙሷ sinߙ − 2ߤݖሶߙሶ sinߙ − ߤݖߙሶ ଶcosߙ + ߤݖሷcosߙ
0 −ߤݖݕሷsinߙ − ߤݖ݃sinߙ ൨, (13)
ሼܨതሽ = ቄ00ቅ, (14)
൛ߜ̅ൟ = ቄ݀ݕ݀ߙቅ, (15)
where ݀ denotes differential. 
The following four initial conditions are assumed: 
ൣ൛ߜ̅ሺଵሻሺ0ሻൟ ൛ߜ̅ሺଶሻሺ0ሻൟ ൛ߜ̅ሺଷሻሺ0ሻൟ ൛ߜ̅ሺସሻሺ0ሻൟ൧ = ቂቄ10ቅ ቄ
0
1ቅ ቄ
0
0ቅ ቄ
0
0ቅቃ, (16)
ቂቄߜ̅ሶ ሺଵሻሺ0ሻቅ ቄߜ̅ሶ ሺଶሻሺ0ሻቅ ቄߜ̅ሶ ሺଷሻሺ0ሻቅ ቄߜ̅ሶ ሺସሻሺ0ሻቅቃ = ቂቄ00ቅ ቄ
0
0ቅ ቄ
1
0ቅ ቄ
0
1ቅቃ, (17)
where number in the superscript denotes which initial condition is represented. 
In the step ݅ for Lyapunov indicator ݆ = 1, 2, 3, 4 the following calculations are performed: 
ݏ௞ = ൛ߜ̅ሺ௝ሻൟ்൛ߜ̅ሺ௞ሻൟ + ቄߜ̅ሶ ሺ௝ሻቅ
் ቄߜ̅ሶ ሺ௞ሻቅ , ݇ = 1, … , ݆ − 1, (18)
ە
ۖ
۔
ۖ
ۓ൛ߜ̅ሺ௝ሻൟ: = ൛ߜ̅ሺ௝ሻൟ − ෍ ݏ௞൛ߜ̅ሺ௞ሻൟ
௝ିଵ
௞ୀଵ
,
ቄߜ̅ሶ ሺ௝ሻቅ : = ቄߜ̅ሶ ሺ௝ሻቅ − ෍ ݏ௞ ቄߜ̅ሶ ሺ௞ሻቅ ,
௝ିଵ
௞ୀଵ
 (19)
݀௜ሺ௝ሻ = ට൛ߜ̅ሺ௝ሻൟ
்൛ߜ̅ሺ௝ሻൟ + ቄߜ̅ሶ ሺ௝ሻቅ் ቄߜ̅ሶ ሺ௝ሻቅ, (20)
ۖە
۔
ۖۓ൛ߜ̅ሺ௝ሻൟ: = 1݀௜ሺ௝ሻ
൛ߜ̅ሺ௝ሻൟ,
ቄߜ̅ሶ ሺ௝ሻቅ : = 1݀௜ሺ௝ሻ
ቄߜ̅ሶ ሺ௝ሻቅ ,
 (21)
where : = denotes the assignment operator. 
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Lyapunov indicator is determined from: 
ߣ௝ܶ = ෍ ln݀௜ሺ௝ሻ
௠
௜ୀଵ
, (22)
where ߣ௝ is the Lyapunov indicator, ܶ is time of integration, ݉ is the number of time steps. 
4. Numerical results of investigations 
The following parameters of the investigated system are assumed: ܣ =  0.01, ߤ =  0.3, 
ℎ௬ = 0.2, ݌௬ = 20π, ℎఈ = 0.2, ݃ = 9.81. 
 
Fig. 1. ߣଵ, ߣଶ, ߣଷ, ߣସ as functions of time when ߱ = 10ߨ 
 
Fig. 2. ߣଵ, ߣଶ, ߣଷ, ߣସ as functions of time when ߱ = 15ߨ 
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4.1. Low frequency excitation 
Lyapunov indicators as functions of time when ߱ = 10ߨ are presented in Fig. 1 and when 
߱ = 15ߨ are presented in Fig. 2. 
From the presented results it is seen that all Lyapunov indicators are negative. Thus there is no 
chaotic motion and measurements can be performed. 
4.2. High frequency excitation 
Lyapunov indicators as functions of time when ߱ =  25ߨ  are presented in Fig. 3, when 
߱ = 30ߨ are presented in Fig. 4 and when ߱ = 40ߨ are presented in Fig. 5. 
 
Fig. 3. ߣଵ, ߣଶ, ߣଷ, ߣସ as functions of time when ߱ = 25ߨ 
 
Fig. 4. ߣଵ, ߣଶ, ߣଷ, ߣସ as functions of time when ߱ = 30ߨ 
69. UNCERTAINTY OF MEASUREMENT OF EIGENFREQUENCY USING A DYNAMICALLY DIRECTED VIBROEXCITER.  
A. SUDINTAS, P. PAŠKEVIČIUS, L. PATAŠIENĖ, L. RAGULSKIS 
52 JOURNAL OF MEASUREMENTS IN ENGINEERING. JUNE 2015, VOLUME 3, ISSUE 2  
 
Fig. 5. ߣଵ, ߣଶ, ߣଷ, ߣସ as functions of time when ߱ = 40ߨ 
From the presented results it is seen that all Lyapunov indicators are negative. Thus there is no 
chaotic motion and measurements can be performed. 
4.3. Chaotic excitation 
Lyapunov indicators as functions of time when ߱ = 20ߨ are presented in Fig. 6. 
 
Fig. 6. ߣଵ, ߣଶ, ߣଷ, ߣସ as functions of time when ߱ = 20ߨ 
From the presented results it is seen that the first Lyapunov indicator is positive. Thus there is 
chaotic motion and it causes uncertainty in the measurements. 
5. Uncertainty of measurement of eigenfrequency 
Lyapunov indicators as functions of frequency of excitation in the interval from ߱ = 15ߨ to 
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߱ = 30ߨ are presented in Fig. 7. 
From the presented results the interval where the first Lyapunov indicator is positive is 
approximately seen. In this interval there is chaotic motion and it causes uncertainty in the 
measurements. 
 
Fig. 7. ߣଵ, ߣଶ, ߣଷ, ߣସ as functions of frequency of excitation 
6. Conclusions 
Measurement of eigenfrequency using a dynamically directed vibroexciter is investigated. 
Lyapunov indicators are calculated for various values of parameters of the system. Low frequency 
excitations and high frequency excitations are investigated. From the presented results it is seen 
that all Lyapunov indicators in both cases are negative. Thus there is no chaotic motion and 
measurements can be performed. 
It is shown that when the frequency of excitation coincides with the eigenfrequency there is a 
positive Lyapunov indicator. Thus chaotic motion takes place and it causes uncertainty in the 
measurement of eigenfrequency. This fact reduces the precision of the measurement procedure. 
Lyapunov indicators as functions of frequency of excitation are obtained. From the presented 
results the frequency interval where the first Lyapunov indicator is positive is approximately seen. 
In this interval there is chaotic motion and it causes uncertainty in the measurements of 
eigenfrequency. 
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